is non-singular at each point ζ e ß. Gurganus in his paper ( [2] Th. 3) gav¡e a necessary and sufficient condition for a map f ta-be starlike.
A map v(z ) e H(B n ) is called a Schwarz function if II v(z) II $ llzll for all ζ e B n or, which is equivalent (by Schwarz's lemma), v(0) = 0 and l|v(z)|| $1 for all ζ ε B n .
Let it follows that the solution of this problem is determined for t^O and any ζ e B n . Consequently, such a solution ν is'a function of two variables (z,t), with ζ e B n , t> 0. In the sequel, the problem will be written down in the form
Let h e M. Then the problem (1) 9v(y) s .h(T(Ztt))t ν(ζ,Ο) = ζ, ζ e B n , t * 0, possesses exactly one solution ν = v(z,t) determined for ζ e B n and all t» 0} for a fixed t.) 0 the function v(z,t ) 0 * 0 is a univalent Schwarz function on Β .
The proof of Lemma 1 runs similarly as that of Theorem 2·1 of [4] .
The following lemma follows directly from Th. IX 5' of [3] , Lemma 2.
The solution ν = v(z,t), ζ e B n , t> 0, of problem {1) is a function infinitely many times differentiable with respect to the group of variables (z,t)eB n *[0, 00).
Remark
1. Ifv = v(z,t),ze B n , t £ 0, is the solution of problem (1), then for ζ eB n , t> 0, the following inequalities take place »t*«** 1 è <·•* (1-Ilv(z,t)||) Proof.
To begin with, let us introduce the following notation
The above definition of the function Η is correct, because, by Lemma 1, v(z,t) is a univalent Schwarz function for any t Q £ Ü, and thus, ^ is a nofc-singular matrix (see Th.15.1.8 of [5] ).
Since ν satisfies problem (1), therefore, in virtue cf Lemma 2, we obtain the following equalities
-347 -It follows £rom the definition of the function H that It is differentiate with redpeet to the parameter thus (3) _ Λίγ) = aiili^ti . H(Bft) + 3^11.9211^ 3t
for ζ e B n , t » 0.
By Lemma 2 and Làmina VII 5 of [3]» the equality 2 2 at 3z az at takes place. This and equalities (2) and (3) imply that
for ζ e B n , t £ 0.
Prom this equality and the fact that ν is the solution of (1) we get
Sinoe is a non-singular matrix, therefore, = 0 for ζ e B n , t » 0, that is H(z,t) = g(z) for ζ e B n , t £ 0, where g is some analytic function in B n . So,
Μάλι
. g(a) ,. Mj^n for zeB n f t>0e
Prom the facte that v(z,0) = ζ and = -h(z) it follows that g(z) = h(z) for ζ e B n . Consequently, ν satisfies the equation
If ν = τ(ζ,ΐ), ît B n , t » ϋ, ia the solution of (1) with he M, then there existe (4) lim e* v(z,t) = f(z), ζ e B n , t »00 and this limit is a holomorphic function in B n .
Proof. Denote u(z,t) = e*v(z,t) for ζ e B n and t j 0, where ν is the solution of (1). Thus, u is the solution of the problem = u(z,t) -e t h(e" t u(z,t) ), u(z,0) = z.
Further, let us introduce the notation G(z) = h(z) -ζ for ζ e B n . The function G is analytic in B n , and DG(OJ = 0. Taking into account the above notation, we see that u is the solution of the problem
Integrating both sides of the above equality in the inter-
Since the function G is holomorphic in B n , there exists a ball B n (0,ç), 0 <ç < 1, euch that, for ζ e B n (0,ç),
is a finite quantity. Proof. Analogously ee in the proof of Theorem 2, let u(z,t) = e^iz.t}, ζ e B n , t i 0. Considering the fact that av(^t} = -e^ufz.t) + e"* 3u( 3, it suffices to show that lim M|Λ1 = o f or z e B n . t -·• +00
Prom (5) and (7) it follows that "W'-^v "ν
Hence it follows direotly that lim ¡^1^1)1 = 0, ζ e B n , t +00 which implies the corollary. Theorem 3· Let bell, and let ν = v(z,t) for ζ e B n , tj 0 be the solution of (1J. Then lim e t v(z,t) = f(z) for ζ e B n t -»+00 is a starlik map of the ball B n into C n such that Df(0) = I.
Proof. 8) f(v(z,t)) = e -t f(z) for ζ ε B n , t * 0, which proves that f(B n ) is a starlike set.
We shall now demonstrate that Df(0) = I. Differentiating the equation in (1) with respect to the variable z, by Lemma 2, we get
Sinoe v(z,0) = ζ for ζ e B n , so = I. Taking into account this oondition we get = β -1ί Ι. Making use of Weierstrass theorem (see [l] ) we obtain that Df(0) = I.
It remains to show that the map f is univalent. Suppose to the contrary that there exist z-j»^ eB n such that z^ Φ z 2 and f(z.j) = f(z 2 ). Hence and from (8) it follows that f(v(z 1t t)) = f(v(z 2 ,t)) for 0. Since Df(0J = I, we state that,by Th.1.3.7 of [5], there is an re (0,1) such that f is univalent in B n (0,r). Consequently, there exists some τ 0 > 0 such that v(z 1f t) = v(z 2 ,t) for t> t 0 . Prom the uniqueness of the solution of (1) it follows that v(z^,t) = = v(z 2 ,t) for t£ 0, and thus z^ = z 2 , which contradicts the supposition. Consequently, f is a map univalent in B n . Theorem 4. Let ν be the solution of (1) . Then the function f defined by the formula f(z) -lim β*ν(ζ,ΐ), ζ e B n , t +00 satisfies the differential equation Df{z) h(z) » f(z) for ζ e B n . moreover, .f Is the only looally biholomorphic solution of this equation, satisfying the conditions f(0) * 0, Df(0) = I.
Proof. By Theorem 1, the function ν satisfies the equation We shall now show that the solution of the problem
where h is a fixed function belonging to M, is unique in H(B n ). Suppose to the contrary that there exist two locally biholomorphic maps f^.fgeHfB 11 ) satisfying the above problem. By Theorem 3 of [2], f1 and are starlike maps of B n into C n . It is not difficult to show that the functions vit 1=1,2, v^z.t) = f~1(e~tfi(z)), t>0, zeB n , satisfy (1). In consequence, from the uniqueness of the solution of (1) we get that v^ = v^. Since fj (ζ) = lim e t v.(z,t), ζ e B n , i=1,2, 1 t -+00 therefore f^ = f2, q.e.d. let Gq denote the class of stsrlike maps f:B n -»· C n sucii that Df(0) = I. Por the definition of stsrlike maps see [6] . Corollary 2.
The map f e GQ if and only if there exists a function heM such that
